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Abstract 
We give two recursive theorems on n-extendible graphs. A graph G is said to be (k,n)- 
extendible if every connected induced subgraph of G of order 2k is n-extendible. It is said to be 
[k, hi-extendible if G - V(H) is n-extendible for every connected induced subgraph H of G of 
order 2k. In this note we prove that every (k, n)-extendible graph is (k + l, n + 1)-extendible and 
that every [k, n]-extendible graph is [k - 1, n]-extendible. Both are natural generalizations of 
recent results by Nishimura ([1, 2]). 
For a nonnegative integer n, a graph G is said to be n-extendible if G has 
n independent edges, and every set of n independent edges extends to a perfect 
matching. In particular, G is 0-extendible if and only if G has a perfect matching. 
In [4] Sumner has given a sufficient condition for a graph to have a perfect 
matching in terms of a perfect matching of its subgraphs. 
Theorem A (Sumner I-4]). Let G be a connected graph of order 2p(p > 1). IfJor some 
integer k with 1 < k < p every connected induced subgraph of G of order 2k has a perfect 
matching, then G has a perfect matching. 
Seeing the above theorem, one might suspect hat similar recursive properties hold 
for n-extendible graphs. Actually, Nishimura [1, 2] has recently given two such 
conditions, 
Theorem B (Nishimura [1]). Let G be a connected graph of order 2p(p >~ 3) and let n be 
a positive integer with n < p. I f  for some integer k with n < k < p every connected 
induced subgraph of order 2k of G is n-extendible, then G is n-extendible. 
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In the following theorem, a subset S c V(G) is said to be connected if S induces 
a connected subgraph. (An empty set is considered to be connected.) 
Theorem C (Nishimura [2]). Let G be a connected graph of order 2p and let k and n be 
positive integers with p - k >~ n + 1. I f  G - S is n-extendible for every connected subset 
S c V(G) with ISI = 2k, then G is n-extendible. 
The purpose of this note is to prove two natural extensions of Theorems B and C. 
In this note, the set of end-vertices of an edge e is denoted by V(e), and for F c E(G) 
let V*(F)  = Ue~eV(e). For x ~ V(G), the set of vertices adjacent o x in G is denoted 
by N~(x), and for S ~ V (G), let NtiS)  = Ux~sNdx). 
We use the following two lemmas. 
Lemma D (P lummer [3]). I f  a graph of order at least 2n + 2 is n-extendible, it is 
(n - 1)-extendible. 
Lernma E (P lummer [3]). For n > O, a connected n-extendible graph of order at least 
2n + 2 is (n + 1)-connected. 
A graph G is said to be (k, n)-extendible if every connected induced subgraph of G of 
order 2k is n-extendible. For  a connected graph this is a generalization of n-extendibil- 
ity, i.e. a connected graph G of order 2p is (p,n)-extendible if and only if it is 
n-extendible. Our  first theorem states a recursive relation on (k, n)-extendible graphs. 
Theorem 1. Let k and n be positive integers with k > n. Then every (k, n)-extendible 
graph is (k + 1, n + 1)-extendible. 
Proof. Assume a graph G is (k, n)-extendible, but not (k + 1, n + 1)-extendible. Then it 
has a connected induced subgraph H of order 2(k + 1), which is not (n + 1)-exten- 
dible. Since an induced subgraph of H is an induced subgraph of G, and G is 
(k, n)-extendible, every connected induced subgraph of H of order 2k is n-extendible, 
and hence it has a perfect matching. Therefore, H has a set of n + 1 independent edges 
since k > n. This implies that H has a set F = {el, ... ,e,+~} of n + 1 independent 
edges which does not extend to a perfect matching in H. 
I fH  - V(ei) is connected for some i, 1 ~ i ~< n + 1, then H -- V(ei) is n-extendible 
since IH - V(ei)] = 2k. Therefore, H - V(ei) has a perfect matching Mi with F - {ei} 
Mi. Then M~u{el} is a perfect matching of H which contains F. This is a contradic- 
tion. Thus, H -- V(e~) is disconnected for each i, 1 ~< i ~< n + 1. 
We consider two cases. 
Case 1: F contains a non-cut-vertex of H. 
We may assume H - -x~ is connected for xl e V(e~). Let V(eO = {xl,y~}. Since 
H-  V(e~) is disconnected, Yl is a cut-vertex of H -x l .  On the other hand, since 
I V (H-X l ) [=2k+ 1 ~>5, H- -x1  has two distinct vertices u, v such that both 
Nishimura, A. Saito /Discrete Mathematics 162 (1996) 319-323 321 
H-  x~-  u and H-x~-  v are connected. Since H-x~-  u is connected, it is 
n-extendible. Since n/> 1, H -  x~-  u is 2-connected by Lemma E. Therefore, 
y~ cannot be a cut-vertex of H -  Xx -u .  This is possible only if Yl is the unique 
cut-vertex of H - x~, and H - xl has exactly two blocks, one of which is {u, YI}- By 
applying the same arguments to G - x~ - v, we see that the other block of H - x~ is 
{v, yl}. This means V(H) = {Xx, Yx, u, v} and 2(k + 1) = [HI = 4, or k = 1. This 
contradicts the assumption k > n > 0. 
Case 2: Every vertex of F is a cut-vertex of H. 
In this case H has at least two endblocks B~ and B2. Let ci be the unique cut-vertex 
of H that is contained in Bi, and choose vl E V(Bi) -- {q} (i = 1, 2). Then H - {v~, U2} is 
connected. However, since IV*(F)I = 2(n + 1) ~> 4, V*(F) - {Cl,C2} 4:(0 and every 
vertex in V*(F) - {el, c2} is a cut-vertex o fH  - {Vl, v2}. Therefore, H - {Vl, v2} is not 
2-connected and hence is not n-extendible by Lemma E. This contradicts the assump- 
tion that G is (k, n)-extendible. Therefore, the theorem follows. [] 
F rom Theorem 1 we obtain the following extension of Theorem B. 
Corollary 2. Let p, k and n be positive integers with p >1 k > n. Then every (k, n)- 
extendible connected 9raph of  order 2p is (n + p - k)-extendible. 
We cannot permit n = 0 in Theorem 1 since not every (k,0)-extendible graph is 
(k + 1, 1)-extendible. Let G = K2~- 1 + K2 + Kzm- 1 with l + m > k. It is not difficult 
to see that every connected induced subgraph of G of order 2k has a perfect matching. 
However, G has a connected induced subgraph H of the form H = Kzr -  1 + K2 --k 
K2,,,- 1 with l' + m' = k + 1, and H is not 1-extendible since it does not have a perfect 
matching which contains the edge in K2. 
A graph G is said to be [k, n]-extendible if G - S is n-extendible for every connected 
subset S of order 2£ This definition is another generalization of n-extendibility since 
a graph is [0, n]-extendible if and only if it is n-extendible. The next theorem states 
a recursive relation on [k, n]-extendible graphs. 
Theorem 3. Let p, k and n be integers with k > 0 and p - k > n >~ O. Then every 
connected [k, n]-extendible graph of  order 2p is [k - 1, n]-extendible. 
Proof. Let G be a [k,n]-extendible graph of order 2p. Assume G is not [k - 1, n]- 
extendible. Then G has a connected subset S c V(G) of order 2(k - l) such that G - S 
is not n-extendible. For k ~> 2, G - S has an edge e with Na(S)nV(e)  ~ 0 since G is 
connected. Then SwV(e)  is a connected subset of V(G) of order 2k, and hence 
G - (SwV(e))  has a perfect matching. Therefore, G - S has a set of n independent 
edges. This implies that G - S has a set of n independent edges F = {el, e2 . . . . .  en} 
which does not extend to a perfect matching. For k = 1 we can also obtain such an 
F by choosing an edge e arbitrarily in the above argument. 
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If NG(S)nV(e~) ~ 0 for some e~(1 .%< i ~< n), let Si = SwV(e~). Then S~ is connected 
and ISi[ = 2k. Therefore, G-  Si is n-extendible and G-  S~ has a perfect matching 
Mi which contains F - {e~} by Lemma D. Then Miw{e~} is a perfect matching of 
G-  S containing F, a contradiction. Hence we have NG(S)nV(e~)= 0 for each i, 
1 ~< i ~< n. We may assume k >~ 2 since for k = 1 the same arguments lead us to the 
conclusion of the theorem. Furthermore, by similar arguments we also have 
NG(S)ca V(f) = 0 for every f  e E(G - S - V*(F)). In particular, the theorem holds for 
n = 0. Thus we may assume n >~ 1. 
Let e~ = x,y~ and T = Na(S) - S (c  V(G) - S - V*(F)). Then No-s (T )  c V*(F).  
Since G is connected, NG(v)c~V*(F) v a 0 for some v e T. We may assume VXx eE(G). 
Let S' = Sw{v, xl}. Then since S' is connected and [G - S'I = 2(p - k) > 2n, G - S' is 
n-extendible, and G - S' has a perfect matching Mx containing {e 2 . . . .  , e,} by Lemma 
D. Then wyx eM1 for each weT-{v} .  Since M1 is a matching, this implies 
l~<lT l~2.  
Let u e No(v)nS. Since ISI/> 2(k - 1)/> 2, S - {u} has a vertex z such that S - {z} 
is connected. Now let S" = S - {z}w{v, xl ,  y~}. Then S" is connected and IS"[ = 2k, 
and hence G - S" is n-extendible. Since NG-s,,(z) c T -- {v}, this implies [TI = 2, say 
r = {v, w} 
Assume NG-s(W)¢: {xl,yx}. Since Na-s(W) c V*(F),  we may assume 
x2 eNa-s(W). Then since z is isolated in G-  S" -{w,  xz}, G-  S" does not have 
a perfect matching containing wx2. This is a contradiction since n >~ 1. Thus, we have 
Na-s(W) c V(el). By changing the roles of v and w in the above arguments we also 
have Na-s(V) c V(el). 
If NG-s(y l )  ¢: {xl, v, w}, say a e N~_s(Y l )  - {xl, v, w}, then G - (Su{v, xl}) does 
not have a perfect matching containing ayl, a contradiction. Therefore, we have 
NG-s(y l )  c {xx, v, w}. Similarly, we have Na-s(Xx) c {Yl, v, w}. Since G is connected, 
this implies V(G) = Sw{v,w, xby l}  and p = k + 1. This contradicts the assumption 
p -k>ns incen/> l .  [] 
Theorem B is a direct consequence of Theorem 3. 
The assumption of the connectedness of G in Theorem 3 cannot be omitted. If G is 
a disconnected graph and the order of its largest component S is 2(k - 1), then G is 
[k,n]-extendible in a trivial sense. We can easily construct such a graph G so that 
G - S is not n-extendible. 
For positive integers k and n, there are infinitely many [k,n]-extendible graphs 
which are not [-k - 1, n + 1J-extendible. Let m be an integer with m >~ k + n, and let 
Ao, A1 . . . .  ,At2k+l)(n+l) ,  Bo, B1 . . . . .  B(2k+l)(n+l ) be disjoint copies of K2m+ 1. Let 
Ha = Ao + A1 + ". + At2k+l)(,+a)andHB = Bo + B1 + ... + Bt2k+X)t,+~). Foreach  
i with 0 ~< i ~< n + 1, take a vertex ai from A~2k+l)i and a vertex bi from Btzk+l )  i. Let 
G be the graph obtained from HA and HB by adding the edges aobo, 
a lb l ,  ... ,an+ lbn+ l . 
Let S be a connected subset of V (G) of order 2k. Since d~(a~, ai) = dG(b~, bj) > 2k if 
i vLj, I{i:S~{ai, b~} :# 0}1 ~< 1. Let F be a set o fn  independent edges in G - S and let 
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T = Sw V*  (F). Since IT [ = 2(n + k) < 2m + 1, both HA -- T and HB -- T are connec- 
ted. Furthermore, both of them are joins of complete graphs, and at least one edge in 
{aobo, a lb l ,  . . . ,  a,+ lb,+ 1} remains in G - T. F rom these observations it is easy to see 
that G - T has a perfect matching, and hence G is [k, n]-extendible. On the other 
hand, let So be a subset of Ao with ao sSo and ]So[ = 2(k -  1), and let Fo = 
{aibl . . . . .  a ,+lb,+l}.  Then HA -- S - {a i  . . . . .  a,-1} is a component of G - So - 
V* (Fo), and its order is 
( (2k+ 1)(n+ 1)+l ) (2m+ 1) -2 (k -1 ) - (n+ 1) -  1 (mod2). 
Thus G - S - V* (Fo)  has no perfect matching, and hence G is not [k - 1, n + 1]- 
extendible. 
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